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Abstract. Quantum chromodynamics (QCD) is the theory of strong interac- 
tion and accounts for the internal structure of hadrons. Physicists introduced 
phenomenological models such as the M.I.T. bag model, the bag approximation 
and the soliton bag model to study the hadronic properties. We prove, in this 
paper, the existence of excited state solutions in the symmetric case and of a 
ground state solution in the non-symmetric case for the soliton bag and the bag 
approximation models thanks to the concentration compactness method. We 
show that the energy functionals of the bag approximation model are F-limits 
of sequences of soliton bag model energy functionals for the ground and ex- 
cited state problems. The pre-compactness, up to translation, of the sequence 
of ground state solutions associated with the soliton bag energy functionals 
in the non-symmetric case is obtained combining the F-convergence theory 
and the concentration-compactness method. Finally, we give a rigorous proof 
of the original derivation of the M.LT. bag equations done by Chodos, Jaffe, 
Johnson, Thorn and Weisskopf via a limit of bag approximation ground state 
solutions in the spherical case. The supersymmetry property of the Dirac 
operator is the key point in many of our arguments. 
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1. Introduction and main results 

Quantum chromodynamics (QCD) is the theory of strong interaction and ac- 
counts for the internal structure of hadrons. At low-energy, the quarks are bound 
together to form baryons (protons, neutrons) and mesons. Nevertheless, the con- 
finement mechanism has not yet been derived from the QCD equations. In order 
to study the hadronic properties, physicists introduced phenomenological models 
approximating the QCD equations in which the quarks are confined. Among them, 
the M.I.T. bag [H HI |7l [18] and the bag approximation models [9, 7 have been set 
in 1974 and the soliton bag model dH IH [20] in 1977. 

The solutions of the equations of the soliton bag and the bag approximation 
models are critical points of non-linear functionals involving the Dirac operator. 
The mathematical techniques used to solved most equations of this type are dif- 
ferent from the ones used in a non-relativistic framework (see the review paper of 
Esteban, Lewin and Sere [ID]). Nevertheless, in our case, the supersymmetric prop- 
erties of the Dirac operator with scalar field [38] allow us to transform a strongly 
indefinite variational problem into a minimization one and then to use the direct 
method in the calculus of variation [37] • Since the functionals associated with the 
ground state problems of the soliton bag and the bag approximation models with- 
out symmetries are invariant under translations, we show the existence of solutions 
thanks to the concentration compactness method under some restrictions on the 
parameters of the models. The originality of the proofs relies on the fact that the 
usual concentration compactness inequalities are not satisfied anymore and we have 
to introduce different inequalities to overcome it. We also show the existence of 
ground and excited state solutions under some conditions on the parameters, when 
the wave functions are supposed to have some symmetries. These are the first 
rigorous proofs of existence for these two models. Actually, solving the bag approx- 
imation model is a shape optimization problem on finite perimeter sets of M.^ which 
is related with the soliton bag model thanks to the gradient theory of phase transi- 
tions [29l [SO] [28l |35l O H] . Indeed, we show that the energy functionals of the bag 
approximation model are F-limits of sequences of soliton bag model energy func- 
tionals for the ground and excited state problems. We combine the F— convergence 
theory and the concentration compactness method to get the pre-compactness, up 
to translation, of the sequence of ground state solutions associated with the soliton 
bag energy functionals in the non-symmetric case. As in the existence results, we 
have to introduce concentration compactness inequalities different from the classical 
ones. Bucur [6], Bucur and Giacomini [5] have already studied shape optimization 
problems thanks to the concentration compactness method. But, to our knowledge. 
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this is the first result using both the gradient theory of phase transition and the 
concentration compactness method. We also prove the pre-compactness of the se- 
quences of excited state solutions associated with the sohton bag energy functionals 
in the symmetric case. Finally, we give a rigorous proof of the original derivation 
of the M.I.T. bag equations done by Chodos, Jaffe, Johnson, Thorn and Weisskopf 
via a limit of bag approximation ground state solutions in the spherical case. These 
are the first proofs which rigorously establish the link between the soliton bag, the 
bag approximation and the M.I.T. bag models. 

Let us now introduce the different models we study. 

1.1. Some bag models. 

1.1.1. The soliton bag model. This model has been introduced by Friedberg and 
Lee [11] [12] and is sometimes called the Friedberg-Lee model. 

Here, we look for a solution {tpi, at, ^) of the following system of equations: 

{Hoi!., + gl3(l)ip^ = Aj'0j, Vi = 1, . . . , iV 

\\iP^,\\l2 =1, Vz=l,...,iV 

where N e N\{0}, g > 0, (j) : ^ R and for all i e {1, . . . , N}, i;, : ^ 
C^. Hq ~ — ia.V + I3m — —iakdk + Prn is the Dirac operator in the Pauli-Dirac 
representation (see [38]) : a = (ai,ck2,a3), 



-/J'"^-=U^- j, for fc = 1,2,3, 

with 

Ol\ f -i \ f 1 



and m > 0; X* denotes the complex conjugate oi X e C*. We have used here 
Einstein's convention for the summation. 

Solutions of equations (jl.ip are called quasi-classical [Til [H] • 
is a phenomenological scalar field that models the QCD vacuum and ipi, . . . , 
ij^N are the wave functions of the N valence quarks. N is fixed at 2 for mesons and 
3 for baryons. g is the positive coupling constant between the quark and the scalar 
fields. Xi represents the energy of the i*''-relativistic particle in the scalar field 4>, 
so it has to be positive for to be a physically admissible state (see chapter 1 of 
[38] for a physical interpretation of the negative part of the spectrum of a Dirac 
operator) . Some of the N particles can have the same wave function and this does 
not necessarily contradict Pauli's exclusion principle because quarks possess others 
quantum numbers such as color. Let us denote by A^o the maximal amount of 
particles possible with the same wave function -0. We will always assume that the 
number of these particles is lower than A^o- 

Saly, Horn, Goldflam and Wilets have already found numerical ground [32] [17] 
and excited state [33| solutions when the quark wave functions are sought among 
those of the particular form: 

/ „M f l\ \ 



(1.2) i;{x) 



v{r) 
iu{r) 



cos 6 
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where (r, 0, ip) are the spherical coordinates of x and (j) is radial. We denote by 



1/2 

sym \ 



the set of the functions -0 of this type which belong to H^/'^{ 



and Hl^^^iiM.^ ^ M) the radial functions of R). Actually, it is commonly admit- 

ted by physicists that the ground state has to be searched among those functions, 
but to our knowledge, no rigorous proof ensures it. 

Throughout this paper, we will assume that U : R — >■ K is a non-negative 
function such that U and its derivative U' vanish at zero and: 



(HO) 



\U'{x)\ < C{\x\ + \x\P) for a; e M with 1< p < 5. 



Our problem has indeed a variational structure: we look for a critical point of 
the energy functional: 



N 



C/(0) 



dx 



on the set {(^-i, ■ . ■ , V-JV, </>) e H^^^{M.^,C^)^ x H\R^,R) : \\il;i\\L2 : 
the Lagrange multipliers associated with the || . 11^2 -constraints and ( 
complex scalar product. 



1}. Xi are 
, . ) is the 



1.1.2. The bag approximation. This model has been introduced by Chodos, Jaffe, 
Johnson, Thorn and Weisskopf [9j[8] to derive the M.I.T. bag model as a limit case. 

Here, the scalar field 4> of the previous model is replaced by a characteristic 
function xn but it still models the cavity where the quarks are encouraged to live. 

The Lagrangian of the bag approximation is: 



-^(V'l 



N 

E 

.1=1 



dx + aP{n) + h\ni 



for ipi, . . . , ipN in H^^^{M^, C*). tpi, . . . , tpff still represent the quark wave functions. 
The characteristic function xn of belongs to {xw £ i?F(R^,R)}. |r2| denotes the 
area of fl and P(fi) its perimeter. We will write, in this paper, the variation of a 
function S BV^(R3^]r) on a Borel set A by \V(I)\{A), so that: 



|Vxr 

The constants a, b, m, g are positive. 

The above functional is on H^/^{R^, 
points on the set 



''^)^ X {Xu: e BV{R^, R)} and its critical 



{(Vi, . . . , Vw, xn) G H'^\R^,CY X BV{1 



satisfy (see [Hill]): 



(1.3) 



{— ia.V + j3{m — g)} ipi 
{— ia.V + l3m} tpi 



\m\\L^ 
aT-Ln + 



where Hn is the mean curvature oi d*VL, and TH? is the two-dimensional Hausdorff 
measure. 



= X^^^, V^ = 1,...,A^ 

= Xilpi, yi = l,...,N 

= 1, yi^l,...,N 

= -H^-a.a. in d*n 



on 

on 
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1.1.3. The M.I.T. bag model. The M.I.T. bag model is another model where the 
quark wave functions are perfectly confined in a bag [SI HI [71 [18] . It has been widely 
studied and has lead to results fitting the experiments [J. 

Let us, for the moment, introduce the equations in a fixed non-empty bounded 
regular open set ft of M.^. In this paper, we will just consider the ground state 
problem, so that, we look for a single function ip, solution of the following problem: 

{Hqi/; = Xip on 

-il3{a.n)^ = ^ on dn 
IIV'IIl2(o) =1, 

where ip e H'^{n,C'^), A > to and n is the exterior normal to dfl. 

We denote A the set composed of non-empty bounded open sets of M"^ with 
spherical symmetry. When J7 belongs to A, we look for an eigenfunction ip in 
Hly„^{n,C*) i.e. of the form (1II2|). In that case, the boundary condition becomes: 

u = V on d^l. 

The problem of finding a good Lagrangian formulation for these equations has 
been widely studied [THl [H] . This has been a motivation for the physicists to in- 
troduce other phenomenological models like the soliton bag model of Friedberg and 
Lee [Til [H] and the fractional bag model of Mathieu and Saly [27l [26]. Balabane, 
Cazenave and Vazquez [2] already proved the existence of compactly supported 
ground state solutions for this latter model thanks to a shooting method. 

1.2. Variational formulations. The main difficulty we have to face in the soliton 
bag and bag approximation models, is that the functionals considered are strongly 
indefinite: they are neither bounded from below nor from above and their critical 
points have an infinite Morse index. So, for now, we do not have any satisfactory 
formulations of the ground and excited state problems. 

The key point to overcome this in all the models, relies on a fine study of the 
Dirac operator. 

1.2.1. The soliton hag and hag approximation case. 

Lemma 1.1. Let (j) E LP{S.'^,M.), then = Ho + gl3(p is a self-adjoint operator 
on L'^{R^,C^), with domain H^{R^X'^) and form- domain H^/^{R^,C'^) whenever 
3 < p < -|-oo. It satisfies: 

aessiH^,) = cTessiHa) = (-00, -to] U [to, -\-oo). 

The proof of this lemma is based on Kato-Rellich theorem and Weyl's criteria 
for essential spectrum and can be found in chapter 4 of [38] , 

We denote E the Hilbert space where we search for the quark functions and F 
the associated space for (f> or xn when no confusion is possible. E x F can be: 

77i/2(]R3,C4) X {xu> e sy(K3,E)}, 
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We define EJ^ ~ X{o,+oo){H^)E where X(o,+oo) is the characteristic function of 
(0, +00) and for k € N\{0} : 

A+(i/0) = inf sup {iP,H^tP). 
VCE+ vev- 

dimy=fc Il'/'llt2 = l 

Remark 1.2. The symmetry of the spectrum with respect to is actually true not 
only for the essential spectrum of Dirac operators with scalar field as in lemma 11.11 
but also for the whole spectrum. This property is related with the supersymmetric 
operator theory which will be an essential tool in our study, for instance, to give a 
simpler expression for X\{H^). 

The well-defined minimization problems are then, for 1 < ki < ■ ■ ■ < fc^r in the 
soliton bag model: 



(1.5) inf^A^^i/^) 

U=i 

and in the bag approximation: 



dx:(h€F 




(1.6) M{yx'^^iH^^,,) + aPin)+b\n\:xneF 



We get here a good formulation for the ground state problems when ki = ■ ■ ■ = 
kjsi = 1. The other cases are related to the exited states. 

1.2.2. The M.I.T. hag case. Let Q, a non-empty bounded regular open set of M'^. 
Define 

V{Hq) = {^£ H\n, C*) : -i/3(a.n)V' = on dil} 

and Vsym{Ho) = X>(i?o) n Hly^{n, C). E will denote one of these two sets when 
no confusion is possible. We call {Ho,E) the M.I.T. bag Dirac operator. 

Proposition 1.3. The operator (Hq, E) is self-adjoint and there is a non- decreasing 
sequence of eigenvalues (A„)„>i C (m, +00) which tends to infinity such that: 

a{Ho) = {..., -A2, -Ai} U {Ai, A2, . . . }. 
We denote for each n, X^jjrp{fl) :— A„. 

Remark 1.4. The main ideas of the proof of proposition 11.31 will be given in the 
second section. 

The variational formulation for the ground state is: 

inf {NXljij.{n) + aP{n) + b\Q\ : Q e A} , 

where a,b> and N < Nq. 

Remark 1.5. We replaced the set {ft : xsi G BVrad\{0}} of the bag approximation 
model by A for the problem to be well defined. Nevertheless, there is no loss of 
generality since for each xn € BVrad, there exists a good representative Xq such 
that n belongs to A (see [Ij. 

1.3. Existence results. 
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1.3.1. The soliton case. We get the following results: 

Theorem 1.6. Let K E N\{0} and m > be fixed. There are go > and for 

g > go, a constant S > such that if: 

(HI) sup U{x) < S, 

x^[—m/g,0] 

(H2) there is a positive constant c such that U{x) > cx^ for all a; G M, 

then, for any 1 < ki < ■ ■ ■ < fcjv < K , there exists a solution 

of equations (jl.ip with Xi = \^[H^) G (0,cx)) where <f> is a minimum of problem 

Let us make some comments: 

Remark 1.7. Condition (jHOp is just a mathematical constraint for £ to be well- 
defined and differentiable. This does not restrict the set of admissible potentials U 
considered by the physicists [TT] . 

Remark 1.8. Friedberg and Lee |11] derived some conditions on m, g and U com- 
parable to ours for the model to have soliton solutions. 

Remark 1.9. They also assumed [/ to be a non- negative polynomial of degree 4 
with two minima at and —(jfo < such that = U{0) < U{—(j)o). In many 
of their proofs, they considered condition (jH2l) true. Nevertheless, most of the 
numerical works were performed by Saly, Horn, Goldflam and Wilets [3U |331 HZ] 
with U{—(j)o) — 0. Actually, the symmetry U{0) = U{—(j)o) seems not to prevent 
the scalar field to tend to — 0o at infinity and this leads to some mathematical 
complications in the minimization. However, c can be chosen as small as we want. 

This is the first rigorous proof of the existence of ground and excited states 
for wave functions of form (|1.2p . The symmetry of the functions leads to the 
compactness properties established by Strauss [36] and Lions [22 • we remark 
before, no result ensures that the ground state has to possess such a symmetry. 
So, in theorem II. 10[ we prove the existence of a ground state with no assumption 
made on the form of the quark wave function with the help of the concentration 
compactness method. 

Theorem 1.10. Let m > be fixed. There are go > and for g > go, a constant 
(5 > such that if: 

(HI) sup U{x) < S, 

[—m/g,0] 

(H2) there is a positive constant c such that U{x) > cx'^ for all a; G M, 

then, there exists a solution {4>, . . . ,ip,(j)) € ^/"^/^(R^, C^)^ x i?i(R^, R) of equations 
(II. ip with X = Xi = X\{Hci,) G (0,oo) where 4> is a minimum of problem (|1.5p for 
fci = • • • = fcjv = 1. 
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1.3.2. The bag approximation. The same method adapted to the BV setting gives 
us similar resuhs for the bag approximation modeL 

Theorem 1.11. Let K E N\{0}. Assume g £ (0,2m). There is a constant 6 > 
such that if: 

(HI) a, b<S, 

then, for any 1 < ki < ■ ■ ■ < kjf < K , there exists a solution 

(^1, . . . , e HllliR^CY X BVrad{M.^R) 

of equations (|1.3p with 

A. = A^:(i7„xJe (0,oo) 
where Xfi is a minimum of problem M.Q\ . 

Theorem 1.12. Assume g G (0, 2r7i). There is a constant 5 >Q such that if: 
(HI) a, b<6, 

then, there exists a solution (tp,..., -tjj, Xn) e H'^/'^{R^ ,C'^)'^ x ^^(M^, R) of equa- 
tions (|1.3|) with X — Xi ^ ^+iH-xn) ^ (Oj where xn is a minimum of problem 



(IL611 for ki = ■ ■ ■ = kN = I. 

1.4. The bag approximation model as a F-limit of soliton bag models. The 

following results show the link between the soliton bag and the bag approximation 
models and are based on the F-convergence theory. 

Let us consider first for e > and b > the following functionals: 

J^,{e\V(j)\^ + W{^)/e + b\cb\^)dx if (beH\R^,R) 
+00 otherwise 



and 



aP{n) + b\n\ if = -xo e By(M3, 

+00 otherwise. 



where : M ^ M+ is a function which satisfies W-\{Q}) = {-1, 0}, dHO]) and 
a = 2 /"^ yW(s)ds. 

Proposition 1.13. Assume that there are positive constants c and 2 < q such that: 

w{t) <c{\t\^ + \t\'i) yt. 

„ 3(i; + 2) 

Then, T-converges to Eq in L H L ^ 

This proposition is an adaptation of the result of Modica and Mortola [29t [30] 
generalized by Modica [25 (see also Sternberg [35] or Braides [3]) for the gradient 
theory of phase transitions in an unbounded setting. Its proof strongly uses the 
one of [55] . 

Let us introduce for e > 0: 

£U)^[ + EM) if e B\R^ 

1 +CX) otherwise 

and 



em 



iVAV(i/-xo) + ^o(-xo) if = -xo e BV{1 
+00 otherwise. 
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Theorem 1.14. Assume that the condition of proposition \J.13\ is true. Then, £c 

n 3(g + 2) 

T— converges to Cq in L H L 4 

Let us assume besides that there are c > 0, <i < — 1 < t2 < such that W 
satisfies: 

Wit) > c\t\i 

for all t ^ (^1,^2) o,nd 

(1.7) h ^ mi{£o{cl>) : cb = -xn e BV} < Nm. 
Then, there is eo > such that for all < e < sq, the problem 

(1.8) II ^ mi{£,{(t)) : (j) e H^} < Nm 

has a minimum (j)^. There is a subsequence such that, up to translation, we have: 
yy o -> yy o {~xn) strictly in BV 
0e„ -> (-Xa) strongly in LP for p G [2, 
11^ Ir 



where — xo is a minimum of problem (|1.7p and W : i 1— 2 yJW{s)ds. 

The constant e in the functionals can be obtained by scale change in some sohton 
bag functional 

Remark 1.15. The physicists [11] actuahy considered potentials U in the soliton 
bag model of the form 

U -.(t)^ W{4>) + h\(t>\'^ 
satisfying the conditions of theorem ll.141 

Remark 1.16. Goldflam and Wilets T5] studying the dependance of the numerical 
solutions on the parameters exhibit behaviors of the (j) field similar to the ones of 
the Modica-MortoUa problem [29l [30l [28l [35l |3] . Nevertheless, this is the first result 
which shows clearly the link between the two models we studied. 

Remark 1.17. The main difficulty here is that the problems are set in an unbounded 
domain. We overcome this combining the F-convergence theory and the concentra- 
tion compactness method. 

We get a similar result in the symmetric case. Let 1 < fci < • • • < /cat < if be 
integers. We define for e > 0: 

, , (^) ^ / E^i m + EM) if G Hl^M\n) 

^' "' " \ +00 otherwise 

and 

c ^ , - / Eti (H-xa) + Eoi-xn) if = -Xn € BVraci{M.\R) 

[ +00 otherwise. 

Theorem 1.18. Assume the condition of vrovosition \T. 13\ true. Then, £e,ki,....ki~i 

„ 3(<; + 2) 

F— converges to co,ki,...^kN in L H L 4 

Let us assume besides that there are c > 0, < — 1 < t2 < such that W 
satisfies: 

W{t) > c|t|« 

for all t ^ (^1,^2) arid 

iiii{£o,K,...,K{4') ■ 4> = -xn e BVrad] < Nm. 
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Then, there is eo > such that for all < e < sq, the problem 

(1.9) ll{k,,...,kN)^mi{£,,k,^_kA^)- 4>^Hl^d}<Nm 
has a minimum <j)^. There is a subsequence such that: 

{Wo (j)^^ -> W o (-xo) strictly in BV 
i-Xn) strongly in LP for p € [2, ^2+2)] 
?J"(fci,...,fcjv) lc{ki,...,kN) 

where — xn is a minimum of problem: 

(1.10) ;c(fci, . . . , fcAr) = inf{£o,/ci,...,fc„(0) : <!> = -Xn & BVrad}- 

1.5. The M.I.T. bag limit. We study in this paper the M.I.T. bag ground state 
problem in the symmetric case, i.e. when the open set D, is sought in A. Indeed, 
our main goal in this section is to give a rigorous proof of the original derivation 
of the M.I.T. bag equations done by Chodos, Jaffe, Johnson, Thorn and Weisskopf 
[5] via a limit of bag approximation ground state solutions in the spherical case. 

Proposition 1.19. There is a minimizer Q Cz A of 

inf {NXljjrpin) + aP{n) + b\n\ -.QeA} 

which is a ball B{0, R) when 6 = 0. 

Theorem 1.20. Let (M„)„ C (0, +oo) an increasing sequence such that: 

lim M„ = +00. 

ri— >+oo 

There are Co, hq > 0, and for n > uq, a minimizer Rn > of 

:= inf {iVAV(i/S(o,fl)) + «^(5(0, i?)) : i? > o} < Cq, 
a function ipn G H^y^^iM.^ , C*) satisfying: 

I Hnh- =1, 

where Hq = — ia.V + ^{mxn + MnXn"), such that, up to a subsequence: 
Rn^ R> 0, 

In inf {NXljjj.{n) + aP{n) : n e A} , 

V'XB(o,fl) L^iJSj^) and m L°^{B{0, R + e^U B{0, R - e)) 

for all < e < R/2. R comes from proposition {TTW^ the function ^ belongs to 
Hly^{B{Q,R),C^) and satisfies: 

r ifoV' =\\,jt[B{Q,R))^ onB{0,R) 

I -il3{a.n)^ = ondB{0,R) 

Remark 1.21. Chodos, Jaffe, Johnson, Thorn and Weisskopf impose to the ground 
state cavity to be a ball, just as in theorem ll.201 Nevertheless, if we want to remove 
this restriction, some difficulties occur. We will point out in our proof where the 
problems arise. 
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The key point of all this paper is the use of supersymmetry properties of the 
Dirac operator studied in the second section. We give in the third section, some 
auxiliary results related to the continuity of the eigenvalues of in (p. We prove 
the existence theorems for the soliton bag and the bag approximation models in 
the symmetric case in the fourth section. In the fifth section, the pre-compactness, 
up to translation, of minimizing sequences for the existence theorems 11.101 and 
11.121 follows from the concentration-compactness method. Supersymmetry allows 
us to get rid of the problems occurring with the constraints on the sign of the 
eigenvalues A of the operators and gives the binding inequalities necessary in 
the concentration-compactness argument. The sixth section is related to the proofs 
of proposition [TTTSl theorems 11.141 and 11.181 which are based on F-convergence and 
concentration compactness method. Finally, we give the first rigorous proof of the 
derivation of the M.I.T. bag equations in the last section. 

2. Supersymmetry of the Dirac operator and spectral properties 

The variational formulations ()1.5p and ()1.6p are not satisfactory because the 
definitions of the eigenvalues X\{H^) or X\.ijrp{yi) are not easy to handle for fc > 0, 
Q, a set of finite perimeter in M.^ and e £^ for some p > 3. Nevertheless, the 
supersymmetry theory for Dirac operators will allow us to overcome these problems. 
We strongly used in this part the introduction to the theory of Thaller [38] . 

Definition 2.1. Let t be a non-trivial unitary involution on a Hilbert space T-L. A 
self-adjoint operator Q onH with domain is a supercharge with respect to r 

if tV{Q) C V{Q) and tQ = -Qt on V{Q). 

2.1. The Dirac operator with scalar field on M.^. We begin by a study of Dirac 
operators on L'^{M.^,C^) with a special type of potentials. Let cj) G L^(M'^,M) for 
some 3 < p < -|-oo. We define: 

T := ^ ^ , := -icT.\/ + i{m + 50), L»J := -icr.V - i{m + g(j)), 

and 

Then, by lemma 11.11 is a supercharge with respect to the involution /? whose 
domain is 'D{Q^) — T'D{H^). It can be either i/^(M^,C'*) in the non-symmetric 
case or i?^j^^(R'^, C^)^ in the symmetric case where we denote Hly„^{M.^ ,C'^) the 
subset of _ff^(R'^,C^) whose functions are of the form: 

/ -v{r) + u{r)cose \ 
u{r)sin9e'^ J ' 

in the spherical coordinates (r, 9, ip). 

Dij, is a closed operator on Lp'iM.^ , C^) with domain such that D*^ is its adjoint 
and inversely. Let us remark moreover that: 

2 _ / D^D^ \ 
" ^ D^D^* ) ' 

is a self-adjoint operator on with domain 
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which can be different from if (j) is not regular enough. 

In the following lemma, we show that is not in the spectrum of H^f,. 

Lemma 2.2. We have: ker(Q0) = ker(Q0^) = ker{D^*D^) ® keY{D^D^*) ^ {0}. 

Proof. Let uj e such that D^oj = 0. Then, we get: 

/ {m + g(l))\uj\^dx ^ / lo* crS/uodx = 1/2 / div{uj* cruj)dx ^ 0, 

JR3 JR3 JE3 

and 

where supp{uj) is the support of uj. Thus, we have the result. □ 
We are now able to write down the Foldy-Wouthuysen representation of our 
supercharge operator. This allows us to give simpler expressions for the eigenvalues. 

Theorem 2.3. Define the unitary transformations : 



and 

sgn = ^ ^ , Ufw = -^(1 + Q^)) ofH^W'X^). 



Then, we have: 



and D^* Dfj, and D^D^* are unitarily equivalent. Moreover, we have: 

rn^ = \n.iaess{D^*D^) 

and 

X+{H^) = J\''{D^*D^) = inf sup \\D^uj\\l2. 

dimV'=fc ||cj||^2=l 

The proof can be found in Thaller '381 and we give here a sketch of proof for the 
reader's convenience. 

Sketch of proof. We easily get that Upl^r — Upy^ — ~ Pisgn Q^)) and 

UFwQijjUpw = P[sgn Q^)Q^ = fi\Q(t>\, 

since and sgn commute, sgn commutes with too so, we get that 
D^*D^ = SD^*D^S. a 

Remark 2.4. All the results of theorem 12.31 are also true in the symmetric case if 
we replace the spaces 

L^(R^,C^), i^\R^C2),... 
involved with those denoted by 

composed of the functions of the form: 

/ v{r) + u{r)cos(j 
y u{r)sinee"t' 

where (r, 0, 4>) are the spherical coordinates. 
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We give now conditions on the parameters of the sohton bag and the bag approx- 
imation models that ensures that the operator i?^ associated with any minimizer 
(j) of (jl.Sp or (|1.6|) has enough eigenvalues in (0, m) counted with multiplicity. The 
following lemmas are true both in the symmetric and in the general case. 

Lemma 2.5. Let k e N\{0} and m > be fixed. There are go > and for all 

g > go, a constant (5 > such that if sup U{r) < S then, 

re [—m/g,0] 

< Isk = inf {nX'KH^) + [ [1^^ + U{(t))]dx : <f) € f] < Nm. 



Proof. 

For < i? < i?', < e, let (I)r.b' E C^{R^,R) be such that 

ii„ , II m + e 



g{R' - R) 
and 

r -m/g for x € B(0, R) 
<Pi?,fl'W-| Q a;eR3\B(0,i?'). 

Let bjR e Hly,-^{^ satisfying supp{ujr) C B{0,R) and ||a;j^||i2 = 1, where 
B{0, R) is the ball centered at in M.^ of radius R. Then, we have: 

Now, choosing for ujr, a normalized eigenfunction for the fc*''-eigenvalue > of 
the Dirichlet laplacian on B{0, R), we get: 

Thus, the energy satisfies: 

lsu<NJnDZ7DZ7)+ I \'^^^ + U{c^B.,R')]dx 

<—^+ \ 2 15 + ^\ sup Uir)\R'\ 

R %g^ R' - R 3 \yrel-rn/g^O] J 

For now, we fix R' = [1 + \/3)R, the point which minimizes R' 1-^ ^ ^w^i^^^ ■ 
If there exists R > such that : 

f{R) = — + — R + sup U{r) 

< Nm, 

we immediately get the result. Thus, a necessary condition is: 

1/2 



2m K,. /;:;^4(3 + 2V3)7r\ _ .^^ ] ^ 4m2(3 + 2V3)7r 



(jk^_ — = inf <^ ^ ' + ' \ ' R' 

5 \^ V 1 6 J /?>o| i? 6g2 J 

< iVm. 

For such a there exists > such that if sup U{r) < 6g, then, 

inf f(R) < Nm. 



14 



L. LE TREUST 



□ 

A similar result holds for the bag approximation case. 

Lemma 2.6. Let k E N\{0}. Assume that g £ (0,2m). There is a constant 6 > 
such that if a, b < 5 then, 

0<lck= mi{NXl{H^^,,) + aP{n) + b\n\ : xn e F} < Nm. 

Proof. For < i?, we choose xsi = Xb(o,b) a-nd ujk a normalized eigenfunction 
for the /c*'*-eigenvalue > of the Dirichlet laplacian on B{0,R). We get: 



< Ick < ^ + (w - g)^ + a4.TTR^ + 64/37^i^^ 
and the result follows. □ 



2.2. The M.I.T. bag Dirac operator. Just as in the previous case, the super- 
symmetry gives us a good frame to study the problem of the eigenvalues of the 
M.I.T. bag Dirac operator. We set: 

D = -ia-.W + im, V{D) ^ {lu e H^nX"^) ■ -(T.noj = uj on dn}, 
D* = -icT.V - im, V{D*) = {u £ H'^{Vt,€?) ■ (t .nuj = u: on dVt} , 

o=™.r- = ( ° 

and V{Q) = V{D) ® V{D*) = TV{Ho). The following resuh implies proposition 

[Ql 

Proposition 2.7. The operator (Ho,T>{Ho)) is self-adjoint and there exists a non- 
decreasing sequence of eigenvalues (An)„>i C {m,-\-oo) which tends to infinity such 
that: 

a{Ho) = {..., -A2, -Ai} U {Ai, A2, . . . }, 
D* is the adjoint of D and inversely. We have for each n: 

Kiit{^)=K= inf sup \\Du\\L2,m. 

VCV{D), ^f=v, 
dimV=k \\uj\\j^2=l 

Sketch of proof . The proof uses the spectral theory of self-adjoint compact oper- 
ators and the ideas of the proof of theorem 12.31 □ 

Remark 2.8. Proposition 12.71 remains true in the symmetric case where 'D{D) and 
V{D*) become 



3. Auxiliary results 

We study in this section, the dependance of the positive eigenvalue of iJ^ on the 
field (j). This is an important point in this paper that will allow us to prove lower 
semi-continuity properties for the functionals involved in problems ()1.5p and (|1.6|) . 
To prove proposition 13.31 below, we will need the two following lemmas. 
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Lemma 3.1. Assume that (0„) converges to 0co strongly in L'^(M!^,M.). Then, we 
have: 

\\D^^uj\\'j^2 converges to \\D^^uj\\'^j^2 
locally uniformly m cj G H^(M.^,C'^) i.e., for every R > 0; 

sup{\\\D^„lo\\1.-\\D^^co\\12\:uj€H\R^C''),Mh^ <R} ^ 0. 

n— >oo 

Proof. We have 

||£)^a;|||2 = ||Va;||i2 + / {m + g(j)f\uj\^dx - 2gne I [u*{a.Vuj)(j)]dx. 
By Holder's inequality, we get: 

[w*(cr.Va;)(^„] — [w*(cr.Vw)(/»oo]c?x 

< ||w*cr.Vw||i3/2||0„ - (/)oo||l3 < ||w||l6||Vw||l2||0„ - (/)oo||l3, 



/ 



< ll'^lliall?^" - (I>oo\\l^, 



□ 



and 

/ \Lo\\cPl-cl>^^)dx 
The result follows. 
Lemma 3.2. Let e > 0. The functional uj ||D0a;|||2 is coercive on 

{uj€H\R\C^) : ||c.|U2 = 1} 
locally uniformly in cj) & L^f\ L^+* i.e., for every R> 0, there is a C > such that 

\\D^u;\\l.>\\Vu;\\l.-C 
foruje {uj e H'^{R^,C'^) ■■ = 1} and (p such that W^l^ + \\<i>\\LS+^ < R- 

Proof We have for w e {w e H'^{R^,C'^) : \\lj\\l2 = 1} 



L2 



-25'l|w||i,p||Vw||i,2||0||i3+e - 25m||w||i2||a;||i,6||^||i3, 



where p = ^ji^ e (2, 6). The Sobolev embedding and the interpolation 

inequalities give us the result. □ 

Proposition 3.3. Let e > 0. Assume that a sequence {4>n) converges to (poo strongly 
inL^r\L^+''. If fork > 1, 



(3.1) 



supA*=(£)^„*£»^J < m 

raeN 



then, up to a subsequence, there exist orthonormal families : 

(w^ , . . . , w^) and for all n e N, (w^ , . . . , w^) m L^{R\ C^) 

such that: 

(1) ojl„uji€ H\R^,C'^) for alln, 

(2) l|Z?^„cjj,|l2, = A'p^/D^J for all n, 

(3) \\D^Mh=>^'{D^JD^J, 

(4) lim \'{D^„*D^J = X^iD^jD^J, 
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(5) lim = in 
for all 1 < i < k. 

This proposition is true in the symmetric case too. 

Proof. We will prove this by induction on k. Let fc > 1, assume that all these 
properties are true for k — 1. Because of inequality p.ip and theorem 12.31 there 
exist for all n, uj^ G such that (w^, . . .w^) is orthonormal in and point ^ 
is satisfied. It turns out that (w^) is a bounded sequence of by lemma |3^ and 

\irn\\D^„u:'^\\l.-\\D^^u;'^Jl,^0, 

n— f oo 

by lemma [XT] because (0„) converges to (f>oa in n 

Let us denote P^^^ and the orthogonal projector on 

and 

Then, we have by point ([5]): 

\imPt'io'n~PL''^n^OmH\ 



lim \\D^^u^,\\l, ~ WD^^P^-'^nWh = 0. 

n— f oo 

Thus, we get that : 

X''{D4,JD4,J < lim mi X'' {04,^* D 4, J < . 

n— ^00 

There exists uj^ G span{uj}^, . . . ,uj^^)-^ such that H^D^Hl^ = 1 and 

so, by the same arguments, we get: 

\\D4.^^L\\h ^WD^^Pt'^^LWh+oil) 

and 

n~¥oo 

This gives us point Moreover, ( Jl"^! — ) is a minimizing sequence of : 
inf{||Z?^^c.||i. : w G span{iul, . . : = 1} = A^-p*^*^^.^)- 

Up to a subsequence, ( Jk-i — ) i'-^n) converge in and we get points ^ 
and (O. □ 



4. The symmetric case 
4.1. Pre-compactness results. 
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4.1.1. The soliton bag. We show now the existence of a mimmizer of problem (|1.5|) 
Lemma 4.1. Let 1 < ki < ■ ■ ■ < < K . Assume that: 

0<lsK = inf (.NX'f^iH^) + [ [1^^ + U{<j))]dx : 4> G HI^\ < Nm. 



Then, there exists a minimizer (f> £ H^ad of problem (jl.Sp . 

The pre-compactness of a minimizing sequence is obtained thanks to the com- 
pactness of the embeddings of H^adi^^) i^ito LP(R^) for all p € (2,6) proven by 
Strauss |36j and generalized by Lions |24) . Proof. There exists a minimizing se- 
quence ((/)„) C H^^^{M.^,R) of problem (IT3|) such that: 



sup N\'^iH^J + 



dx < Nm, 



so, by the non-negativeness of U and theorem |2.3[ for alH G {1, . . . , N} : 

sup X'''{D^^*D^J < ra^. 

Because of (|H2p . (0„) is a bounded sequence of 77^^^(R'^, M). By the compactness 
properties of the radial Sobolev spaces due to Strauss [3^ and Lions [24], there 
exists (/)oo G ^]-ad^^ such that, up to a subsequence, we have: 

0„ — ^ 0OO weakly in , a. a, strongly in for 2 < p < 6. 

Thus, by proposition 13.31 up to another subsequence, we have: 

hm \\D^:D^^)^X\D^JD^^), 

n—>oo 

SO, 



lim inf 

k^oo 



lim inf ^3 

|V0oo|- 



|V0„J~ 



dx 



f/(0oo) 



This ensures that 0oo is a minimum of problem (|1.5p and that 
strongly in i/^. 



da; 



tends to 



□ 



4.1.2. T/ie 6a(7 approximation. As in the previous part, we prove the existence of a 
minimizer of problem (jl.6p . 

Lemma 4.2. Lef 1 < A:i < • • • < /c^v < i^. Assume that: 

< IcK = {NX'^iH^^,,) + aP{n) + b\n\ : xn e BVrad} < Nm. 
Then, there exists a minimizer xn G BVrad of problem (|1.6p . 



The arguments are very similar to the ones of lemma 14.11 and we give here only 
a sketch of proof to stress the differences. 
Sketch of proof. 

N 

Xn^BV^Y. 4*(^-xo) + aP{n) + b\n\ 
1=1 

is lower semi-continuous for the topology of thanks to the lower semicontinuity 
of 

(j)eBV^ |V(/)|(M^) 
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in the topology of and proposition 13.31 For the reader's convenience, we give 
in the appendix the proof of the compactness of some embeddings in the BV set- 
ting similar to the ones of Strauss [36 and Lions [231. The pre-compactness of a 
minimizing sequence follows then from proposition lA. 21 □ 



4.2. Euler-Lagrange equations. We get in the last section the existence of a 
which minimizes (jl.Sp or ()1.6|) for given 1 < ki < ■ ■ ■ < < K . Thus, has at 
least /cat eigenvalues in (0, m) associated with normalized eigenvectors (ipi, . . . , iPn)- 
It remains to shows that (^i, . . . .ipN ,4>) satisfies the Euler-Lagrange equations (jl.ip 
or (fT3)) . 

Lemma 4.3. Let e > and 4> e L^ad - Every eigenvalue of is simple. 

Proof. Let A G ap(H^), by a standard bootstrap argument, every associated 
eigenvector belongs to W^''^ for any q> 2 and so to L°°. As we work with functions 
of the form: 



■ , cost/ 
\ \ smOe *^ J ) 



(w, v) is a solution of the following system of equation: 

v' (r) = —{X + m + g(l){r))u{r), 

u'{r) + ^"^^^ = (X — m — g(j){r))v{r) 



and satisfies: 

= 72{Jq s'^v{s){X - m - g(j){s))ds), 
v{r) = v{0) — /p u(s)(A + m + g(j>{s))ds. 

By a contraction mapping argument [2], the solution is uniquely determined by 
v{0). So the set of the eigenvectors of Hip of eigenvalue A is of dimension 1. □ 

Lemma 4.4. Let 1 < fci < • • • < k^ < K. The functions ■01, ... , ip^, (j) obtained by 
minimization of ()1.5|) satisfy the Euler-Lagrange equations (jl.ip of the soliton bag 
model. The same is true for the bag approximation. 

Proof. We give the proof only in the soliton case. For the bag approximation, 
the proof follows the same argument in the setting of set derivation (see [lU [16] 
for more details). Let X{H^) e (0,m) an eigenvalue of i/^ and <j)' G ^^rod' by 
Kato-Rellich theorem for the perturbation of the point spectra (see theorem (12.8) 
of [31]) and lemma l473l we have two analytic functions in a neighborhood U of 0: 

t ^ X{H^+t4>') and t ^ ^4,+t4,', 

where for each t gU, X{Hci,+tci>') is a simple eigenvalue of H^+t<i)' and ip(j)+t4>' is an 
associated normalized eigenvector. Thus, we have, for each t (z U: 



A(i/0+t0') = {tpii,+tci>' , H^+t<t,'tp<t,+t<t,'), 
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SO, 



because ||V'0+t0'|U^ = 1 fo^' t ^U. This ensures that: 

AT 

-A0 + C/'(0)+^50*/30, =0, 
1=1 

and we get lemma □ 
This ends the proofs of theorems 11.61 and 11.111 

5. The non-symmetric case 
5.1. Pre-compactness results. 

5.1.1. The soliton case. We wiU now focus on the existence of a ground state so- 
lution of equations (jl.ip in the non-symmetric case. The concentration compact- 
ness method allows us to deal with the lack of compactness of i?^(K'^) thanks to 
the so-called concentration-compactness inequality. Nevertheless, the classical one 
[25) is not valid yet. In the following, we will introduce a different concentration- 
compactness inequality to overcome this problem. We denote: 



vA2,t)=N {t\\{H^,f + (1 - t)\\{H^,f) 



2\l/2 



|2 



2 + C/(0i) j dx + j^^ (^^^ + U{^2)J dx, 

for 01,02 e i/i(R3,R) and t e [0, 1]; 

/(i) =inf{f (01, 02,0 : 01,02 ei^l(R^M)}. 
The following lemma is related with the concentration compactness inequality. 
Lemma 5.1. / is concave, 1(0) = /(I), 

I{t) < Nm, for all t G [0, 1] 
and the concentration- compactness inequality 

lit) > /(I), for allte [0,1] 

is satisfied. 

Proof. I is concave as an infimum of concave functions. The remaining follows 
noticing that: 

£(0,0,^) = Nm. 

□ We can now prove the existence of a minimizer of (|1.5p thanks to the 
concentration compactness method and lemma [STTl 
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Lemma 5.2. Let us assume that /(I) < Nm, then every minimizing sequence ((/)„) 
of 



/(I) = M{N\\iH^) + J ^ (^^^ + C/(0)^ dx: c^eH' 

converges in to a minimum of problem (jl.51) . up to translation and extraction. 
Proof. Let be a minimizing sequence such that: 

sup (nxKh^J + [ (^rZ^ + Ui(j)n)] dx) < Nm. 

nGN V Jr'^ V ^ / / 

{4>n) is a bounded sequence in because of (|H2[) and 

supA^(i:'0„*D0„) < m^. 

rieN 

We will now apply the concentration compactness method to get the result. We 
follow the presentation of Lewin ^ based on [22] (see also [25l[37]). Let us assume 
first that the sequence vanishes, then: 

(j)n — > strongly in for p e (2,6), 

and proposition lS . 31 leads us to a contradiction. So, there exists a subsequence (n^), 
a sequence (xn^) C M"^ and <j)o & H^\{0} such that: 

</>nfc( • - a;„J (/lo weakly in H^. 
We define (a;„^) a sequence of i/^ such that |jcj„j^||i2 — 1 and 

Up to extraction, there is ujq e such that: 

iJuki ■ - Xnk) t^o weakly in H^. 

Let (i?fc) be an increasing sequence of such that \imi^^^ Rk — oo, then, up to 
a subsequence, there exists 

(01, fc), ('/'2,fe), (l^l,*;), (1:^2, fc) C 

such that: 

||0nfc - 01, fe - 4>2,k\\H^ 0, 

(2) ';'i'''S • ' "^"^ J weakly in iJ^, strongly in LP for p G [2, 6), 

, , supp{<j)i^k) U supp{uji^k) C S(a;„^ , 

^ supp{(j)2,k) U supp{uJ2,k) C M3\_B(a:„, , 2i?fc). 
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We get: 



Ac— i- + 00 



2 \1 /u \2 I n II,, l|2 ^\l,'u ^21l/2 



> liminf iV{||c.o||i.AUi?^j2 ^ _ ||c.o||i.)AV(^0.. J'} 



^ 2 + UiMj dx + J^^ ^LZJ^ + U{h.k)j dx 

>m^o\\h). 

Since (f)o ^ 0, ujq has to be non zero. Assume now that HcjoIIl^ G (0, !)• Lemma 
15.11 ensures that : 

lit) = /(I), for aU t e [0,1]. 

We must have: 

hm Ai(i/^,,J = AV(i/0o)- 
If not, assume for instance that there exists a another subsequence such that: 

then. 



hm XliH^, ,) > XliH^,), 

k-^-\-oo 



/(I) = hminf £{(f>o, <j)2,k, ||i^o||i2) 
> liminf £'(0o,02,/e, 1) 
>/(!)• 

This is impossible. The same argument leads to a contradiction with: 

hm X\{H^,J<X\{H^„). 

k—^+oci 

Thus, we get: 

/(I) = hminf NX\{H^„) 

and 

liminf / (\Y^Ml + U{cl,,.k)]dx = 0. 

By proposition 13. 3[ we get the contradiction: 

m = hm X\{Ji^ ) = X\{H^„). 

A:— v+oo 

Thus, we have |jajo||L2 — 1 and 

|2 



lin^inf / (\Y^ + uic^,,,))dx = 0. 



The resuh follows. □ 
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5.1.2. The bag approximation. We follow exactly the same ideas. Let us introduce 
some notations: 

Hxn,,xn,t) = N {tX\iH^^,J^ + (1 - t)Xl{H.^,jf' 
■■■ + aP{ni) + b\ni\ + aP(fi2) + b\n2\, 

for xn„Xn, e BV{m^R) and t e [0, 1]; 

Jit) = M{Tixn^ , Xn.t) : , Xn, e By(M^ M)}. 

Lemma 5.3. J is concave, J(0) = ^(1), 

J{t) < Nm, for all t G [0, 1] 

and the concentration- compactness inequality 

Jit) > J(l), for all t e [0,1] 

is satisfied. 

Sketch of proof. The proof is similar to the one of lemma 15.11 □ 



Lemma 5.4. Let us assume that J(l) < Nm, then for every minimizing sequence 
ixnj of 

J(l) = inf{7VA^(i/_xn) + + m\ ■■ Xn e BV}, 

converges strongly in BV to a minimum of (|1.6p up to translation and extraction. 



Sketch of proof. The proof is similar to the one of the soliton case. For the 
reader's convenience, we give in the appendix the straightforward adaptation of 
the presentation of the concentration compactness method of Lewin [21] to the BV 
setting. □ 

5.2. Euler-Lagrange equations. As in the symmetric case, it remains to show 
that the minimizer satisfies the Euler-Lagrange equations. 

Lemma 5.5. Let (p E H^{M.^,M.) and a normalized uj e H^{M.'^ ,C'^) be such that 
/(I) - N\\D^lo\\l2 + J^^ + ui^)^ dx, 

then, 

-A0 + [/'(</>) + Ngil;*l3ilj = 0, 

where 

= (UfwT)* 



UJ 





is an normalized eigenvector of associated with the smallest positive eigenvalue 
X = \\D^uj\\l2. 

Proof. We have: 

-A(l> + U'{<P) + ^TZe [lo* i-iD^u)] = 0, 
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and 



'FW 







'FW 



1 


UJ 


"( 


' \ 


UJ 


2 


Slo 






Suj 



UJ 





A 



ne[uj*{^iD^uj)] 



□ 

The next lemma shows that the minimizers of (|1.6p satisfy also Euler-Lagrange 
equations. 

Lemma 5.6. Let xn & BV(R^,R) and normalized uj e i7^(R^,C^) be such that 
J(l) = N\\D^^,,uj\\l^ + aP{^) + 6|f7|, 

then, 

aUn + h- Ng'4!*l3%p ^Q, on dn 

where 

UJ 



is an normalized eigenvector of -ff-^f; cissociated with the smallest positive eigen- 
value A — ||Z?_^j-;aj||i2. 

Sketch of proof. We have: 

Nn 

aU + b- — ^7^e [uj* {-iD^uj)] = 0, on dVl. 
A 

The arguments of the proof of the previous lemma gives the result. □ 
This ends the proofs of theorems 11.101 and 11.121 

6. Gamma convergence results 

We give here the proof of proposition ll . 131 based on [551 131 IH I3S] : Proof. Let (e„) 
be a decreasing sequence converging to and ((/)„) be such that: 

in LP for allpe [2, 5^^], 
i) exists and is finite. 

Up to extraction, we can assume that {4>n) tends to (j) almost everywhere, {(jin) C 
is a bounded sequence in L^ and 




liminf / W{(j)n)dx= W{(l))dx = 0. 

n-i.+00 _/jj3 _/jj3 

So, there exists a subset VI of R'^ such that </) = — and — ||0||^2 < +00. 
Moreover, we have for all n by Cauchy-Schwarz inequality: 



{en\V4>n? +W{4>n)/€n)dx> / 2\V 4>nWW {4>n)dx ^ \V {W O 4>„)\{l 



where yV(t) = 2 ^JW{s)ds and |Vw|(^) denotes the variation of w e on the 
Borel set A. Since, there is C > such that: 

W(t)<C(|t|' + |t|^) Vt, 
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(W o (/)„) is bounded in BV, converges to W o ^ in for all p e [1,3/2]. Thus, we 
get: 

r Wo^ = axn&BV, ^ = -xn & BV, 

\ liniinf|V(W o 0„)|(R3) > |V(W o (t>)\iR^) = aP(17), 



SO, 



and 



liminf £;,„(0„) > Eo{c^) 



r-liminf (0) >Eo{(t)). 

It remains to construct recovering sequences. For R > and every 17 CC B{0,R) 
such that Xn ^ BV, Sternberg [35] constructs a sequence C Hq{B{0, R)) such 
that: 

converges to — Xn L^{B{0, R)), 
II 0,11 LOO < 1 for ah e > 0, 

limsup /^(o (e|V0,|2 + W^(</),)/e) dx = aP{n). 
thus. 



r-hmsupii;, (-Xf,)<£;o("Xa)- 
For every G we have 

(Xnns(o,fl))fl>o C BV tends to xn in V for aU p e [1, +oo), 
(|Vxnns(o,fl)l(K')) tends to |Vxo|(K'), 

so, 

lim -Bo(-XanB(o.i?)) = -Eo(-xn)- 
Since the F— limit-sup is lower semi-continuous, we obtain: 

F - limsup ) {-xa) < liminf ( F - limsup E^{-xnnB{a.B.)) ] 

< liminf Eo{-xnnB{o,B.)) 

< E„{~xn)- 

□ The following lemmas are part of the proof of theorem II. 141 We introduce for 
e > 0: 

Z,^{cj,eL^{R^R)nL"-^{R^,R): f EM < Nm}, 

|VWo0|(R3) + 5||^||2^ if0eZ„ 
+00 otherwise, 
and for t e [0, 1], e {~xn e BV}, (/)2 £ Z^, 

^.(0i>2,i) = N {tX\{H^,f + (1 - t)\\{H^,fY'^ + Eoicl^i) + GM2) 

J,{t) = inf{j-,(0i,02,t) : (jii e {-xo e sy}, 02 € ZJ 

Lemma 6.1. FFe have for all e > 0, that J, is concave, continuous and 
(6.1) < Je{t) < Nm 

for all t G [0,1]. There exists a concave function Jq such that (J,) tends to Jo 
pointwise in [0, 1] as e tends to and 

< Jo(0) < Jo{t), 
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for allte [0,1]. 

Proof. The same argument as in lemma 15.11 gives us inequality ()6.1|) . is 
concave and continuous as an infimum of concave and continuous functions. (Jg) 
is a non-increasing sequence since {Z^) is non-decreasing sequence of sets. Hence, 
( Je) converges point- wise to a concave function Jq in [0, 1] as e tends to 0. The 
remaining follows immediately. □ 

The core of the proof of theorem 11.141 is given by the following lemma. We use 
here the concentration compactness method and the T-convergence theory. 

Lemma 6.2. We have: 

Jo(0) = Jo(l). 

If Jo{0) < Nm and for all n, there is (j)n G such that: 
hm N\\{H^J -f G,„ (./)„) = Jo(0), 

where (e„) is a sequence which tends to 0, then, up to a subsequence, up to trans- 
lation, 

W o (f)n o {-xn) strictly in BV 

(t>n^ -Xn strongly in LP for p £ [2, i^is+Hi] 
where xn G BV. 

Proof. If Jo(0) = Nm, then, Jo(0) = Jo{^) by lemma [Ol Thus, we can assume 
that Jo(0) < Nm. Let 0„ e Z^^ be such that: 

lim NXliH^J + G,,.(0„) - MO). 

n— ^+oo 

We can assume that: 

sup NX\iH^J + Ge„ ((/.„) < Nm. 

n 

As in the proof of 11.131 {4'n) is uniformly bounded in and 

sup iVWo 0„|(]R^) < iVm. 

n 

By Sobolev embedding, (W o 0„) is a bounded sequence of L^/^. Since there is a 
positive constant c > such that: 

W(t)>c|i|^, 

3(g + 2) 

for all t, ((/)„) is bounded in L -i and by the interpolation inequalities in for 
all p G [2, -^^2+2)]. We get that (W o 0„) is uniformly bounded in BV. 

Let us assume now that this sequence vanishes. Then, (Wo 0„) tends to in 
for aU p e (1, 3/2), so (</>„) tends to in LP for aU p e (2, ^i^). Proposition 
contradicts 

Jo(0) < Nm. 

Thus, up to a subsequence, there exist (x„) C and VV G i3V^\{0} such that 
(yV o 0„( . — Xnj) tends to VV in L;^^^. Since for all n, (fin belongs to Z^^, there 
exists xo such that . — a^n)) tends to — xo almost everywhere, up to another 
subsequence and VV = W o (— xn) = — aXf2 G ST^. 

For all n, there exists moreover a;„ G i/^ such that ||w„||/,2 = 1 and 
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By lemma [3^ is uniformly bomided in H^. Up to a subsequence, (cij„) tends 
to u E in weakly. 

Let < Rk be a sequence such that (Rk) tends to +c». Then, by concentration 
compactness, there exist: 

(Wi,„), {uj2,n) C 

such that, up to a subsequence, 

||W„ - Wl,„ - UJ2^n\\H^ 0, 

uji n — ^ 1^ weakly in iJ^, strongly in for p G [2, 6), 
supp{uji,n) C B(0, i?„), 
supp(cj2,n) C M3\B(0, 2i?„) 

and 
(6.2) 

Xs(o.fl„)(W o (^nC • - a;„)) tends to W o (-xo) in if 1 < p < 3/2, 
/fl„<|x|<2i?„(|W° '?^«( • -a;n)| + |VyVo0„( . ~Xr,)\)dx tcuds to 0. 

We localize now the field. Let us define for all n 

Then, following the same notation of theorem 3.84 of [T], we have that (/)i,„ belongs 
to By(R3^ M) for i e {1, 2} and 

|VW O 0i,„|(M3) = |VW O (t>n\ (B{Xn, ^)] + f |(W o 0„)+|ds, 

|VWo02,„|(M3) = |VWo0„| ( B(2;„,^n + / \{Wocl)n)-\ds. 

Theorem 3.86 of '1: ensures moreover that there exists a constant c > such that 
for all w e BV{A) : 

\w^\ds<c{\\w\\mA) + \^w\{A)) , 

as(o,f ) 

where ^ = -8(0, 2)\i3(0, 1). By a rescaling argument, we get that for all i? > 1, for 
aU w £ BV{Ar) : 

/ \w^\ds <c{\\wh^^_A,)/R+\Vw\iAR)) 

<c{\\w\\mAn) + \^MiM)), 

where Ar, = B{0, 2R)\B{0, R). 

We obtain thanks to equations (|6.2p : 

Jo(0) = lim 7V||i:)0^( . _^^)a;„||i2 + G'£„(0„) 



+ G'e„(01,n) + Ge„(02,„) 

> hminf TV {||c.||i.AUi7_^j2 + (1 - Ml.)XX{H^,,yf' 

+£^o(-xo) + a„(<A2,„) 



1/2 
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This imposes |ji^||L2 > 0, otherwise, Jo(0) > c + Jo(0) with c > 0. If ||w||i2 e 
(0, 1), then we have by lemma \6A\ 

Mt) - MO), 

for ah t G [0, 1]. As in the proof of lemma [521 '^^ have: 

hm AV(i?0..J = A^(i/_xJ 

and we must have: 

liminf Ge„{4>2,n) = 0, 

SO, we get the contradiction: 

lim \\{Hd,^ ^) — m — \\{H^^,-^) < m. 

Thus, we obtain that ||w||^2 = 1 and 

liminf Gt^{(t)2,n) = 0, 

SO that, 

r W o [0„( . - xrr)] ^ W o (-xo) strictly in BV 

{ </.„(. -Xn)^ -xn strongly in for p G [2, Mi] 

and 

Jo(0) = Jo(l) = 7VA^(i?_xa) + i^o(-Xn)- 

□ 

Let us write the proof of theorem 11.141 which follows from proposition 11.131 and 
the previous lemmas. Proof. The first part of the theorem follows from proposition 
3.3l and the fact that the F-convergence remains true if we add continuous functions. 

We assume next that: 

Jo(l) < Nm. 

Lemma [5^ ensures that there exists ~xn G BV such that: 
NXliH^^,,) + Eoi-xn) = Ml). 
By proposition II. 13[ there is a sequence {(j)e) C such that: 



limsup E^{(f>,) < Eo{~xn), 
0e -xn, m n L 4 . 



Thus, we get: 



limsup II < limsup NX\{H^J + E,{(t),) < Jo(l) < Nm. 

e-J-O e->0 

There exists eg > such that for all < e < eoi 

II < Nm, 

and by lemma [5T2l there is (pe G such that: 

£M = n- 

We have: 

=^0(1) > limsup II, 

e-i-O 

> limsup N\\{H^^) + G,(0,), 

e-»-0 

> limsup J<:(0) = Jo(l), 
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and lemma 16.21 concludes the proof. □ We write now the proof of theorem 

11.181 Proof. Just as in the proof of theorem II. 14( the F— convergence follows from 
proposition 13.31 and 



limsup ll{ki,...,kN) < limsup ll{K,...,K) < lc{K,...,K) < Nm. 

e->-0 e^O 



Lemma [5.21 ensures that there exists eg > such that for all < e < eq, problem 
(|1.9p has a minimum (t>c E BVrad- We get that (Wo cf)^) is bounded in BV and 
in L^. So by proposition I A. 2| there exists a subsequence (e„) and — — xn € BV 
such that: 

W o 0„ — yv o strongly in for all p S (1, 3/2) and a. a, 
<j)n-^<j} Strongly in LP for aU p G (2, ^i^). 

By proposition 13. 3[ we have 

liminf £e„M,--:kN{4'n) 

71— > 

> Eti ^+ (H^,) +liniinf E,^ 
Thus, we get the conclusion of the theorem. 



□ 



7. The M.I.T. bag limit 
We give here the proofs of theorem 11.201 and propositior ll.191 
Lemma 7.1. Let xn e BV{R^,R) and < m < M. We have for u; e H^{R^,C'^) 



lk-Vw|lL2(R3) +m ||cj||^2(f^) +M ||a;||^2(f^c) + (M-m) / uj* {cr.n)ujdz 

J dU 

There is C > such that: 



C\\ - cr.Vw + {mxn + MxoO'^IIl2(r3) > 
1 

M 



T7l|Vw|||2(K..) + 11^11^2(0) + Af ||a;||i2(oc) + ||cr.Va;|||2(o), 



C depends neither on nor on uj. 
Proof. Let ci, C2 > 0, we have: 

II - Cicr.Vw + C20j\\l.,^^,^ = c2||cr.Vw||2,^j^^^ + c^H^H^,^^^^ 

• • • — C1C2 Jg^uj* {cr.n)u!dz. 

So, we get: 

2|| - (T.Woj + {mxn + A^Xa<=)'^llL2(R3) 
2Mm - m^ 



> 



ii'^^IIl2(k3) + m ||cj||i2(s;2) + 2Afm||w||i2(f2o) + ||cr.Va;||^2(o). 

□ 
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Lemma 7.2. For any C > 0, there exists a constant cq > such that if co belongs 
to (R'^ , ) and satisfies: 



C > ig||Va;||^2(R3) + ^^ll'^lli2(B(o,fi)- 
for M > m and R > 0, then, 



< Co. 



lL2(_B(0,i?))' 



Co does not depend on M, R or u). 



Proof. Let w e Hl,^ 



syni \ 



uj{x) = v{r) 







u{r) 



cos{e) 
sin{e)e"^ 



where (r, 9, Lp) are the spherical coordinates of x. We have: 



llVo^ll 



L'^{B{0,R.}) 



= 47r 



and 



Since, 



L2(S(0,K)) 



= An 



u'(r) 



2u{r) 



\v'{r)\' 



r^dr 



r'^dr. 



'\u'{s) + ?^\^s'ds 



> 



[\u'{s)\^s^ + 4|u(s)|2 + Au{s)u'{s)s] ds 
[\u\s)\^s^ + 4|u(s)p - 2|u(s)p] ds + 2R\u{R)\^ 
[\u\s)\^s^ +2\u{s)\^] ds 



we get: 



||cr.Vw|||2(B(o,_R,)) > l|Vw|li2(B(0,i?))- 

Let us remark that this inequality is wrong when the domain is an annulus and 
u{r) = 1/r^. 

Hence, we obtain: 

|2| ^ 11^ Y7,.,ll2 



lBiO,R) IVlwPMx < \\(T.W^\\l,^g^^ j^^^ + |lc.|li2(s(o,j^)) < C 



and 



< c 



By Sobolev injection, we get the result. □ 
We are now able to give the proof of theorem 11.201 Proof. Lemma 12.61 and the 
arguments of the proof of theorem 11.111 ensure that there exist Cq, tiq > 0, for 
n > no, a radius _R„ > minimizing 

inf {A^AV(i?S(o,fl)) + '^Pim R)):R>0}, 
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a function 
satisfying: 



, , / 008 6* 

\ sin6le''^ ; J 



where = -ia.V + P{mxn + MnXn-) and 

(Rn) is bounded, so there exists a subsequence (rife) and R> such that 

-Rrifc R- 

We claim that R > 0. Indeed, there is for ah n, a function w„ € -^^^^(M'^, C*) such 
that: 

II - (T.Va;„ + (r7iXB(o,_R„) + A^XB(o,fl„)= V"|li2(R3) ^V(-H"S(o,fl„))^ 

lk«||L2 1- 

Lemmas 17.11 and 17.21 ensure that (a;„j.) is a bounded sequence in such that: 

l|WnJ|L2(S(0,i?.„J<=) 0, 

so, R has to be positif. 

We denote A„ := A^(//^^q ^-j). (A„) is a bounded sequence of (m, +cx)) so, up to 
a subsequence, we can assume that it converges to A € [to, +oo). (itnji'n) satisfies 

Kir) + = -(to - A„)u„(r) 

t;Jj(r) = -(to + A„)ii„(r) 

for r e (0, R) and 

ll'0n||L2(B(o,fl„)c) < 

We get: 

r2<(r) + 2r<(r) - {r^m^ - A^) + 2)u„(r) = 
r2w;'(r) + 2rv'^{r) - r'^{m^ - A2)u„(r) = 0. 

So, u„ and u„ are spherical Bessel functions on (0, -Rn), they have to be of the first 
kind to belong to . Thus, (un,w„) is proportional to 



on (0, i?„). We also get that (m„,u„) is proportional to 



r i-> 



SO, 

Vn{Rn) 
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Uj{x) — C 



We finally get that {un,Vn) converges uniformly to a function (m, u) on 

[0,+oo)\(i?-e,i? + e) 

for any e > where 

u'{r) + ^^^^ = — (m — \)v{r) 
v'{r) =— (m + A)w(r) 

on (0, R], u{r) = v(r) = on {R, +oo) and 

u{R) = v{R). 

It remains to prove that A ~ X\.jjrp{B{0, R)). Let R > the radius of the ball 
B{0,R) that minimizes 

inf {NXltjj,{n) + aP{n) -.QeA}, 
and oj e Hlyjj^{B{0, R),C^) be an normalized function satisfying 

X\,MB{0,R)) = \\Du:\\l2 

and 

cos{9) - 1 

where {r,d,(p) are the spherical coordinates of = R. We set 

. c„ I K ri(' )e"- ) -^(-^^"('^ - - ^ 

[ for x g B(0, i?) 

where a;„ is normalized by c„. We get: 

II - (T.Va;„ + A^„w„||^2(B(o,fl)c) ^ 

and the result follows. □ 
Let us now prove proposition II . 19l Proof. Let us first remark that: 

inf {N\ljjrp{fl) +aP{fl) + b\fl\ : fl e A} 

= inf {N\ljjj.{n) + aP{n) + b\n\ -.QeB} 

where B is composed of the connected components of A. We will now show that 
the M.I.T. bag energy is better on a ball than on a ring whenever a > and 6 = 0. 
Let < i?_ < < e. We denote: 

n = B{0,R+)\B{0,R^) 

= B{Q,R+)\B{0,R_+e). 

Let uj e Hly^{n, C^) such that: 

\\Duj\\L2(n) = ^Miri^) 
—cr.nuj = u on dfl 

ll^llL2(n) = 1 



and 

/.}( •T' 1 — ' T H r* 1 I , -,- ,,,,,, 

where (r, 0, ip) are the spherical coordinates of x. We introduce now g{s) — as + b 
with 

Ru- — R— — e E-Rj- 
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and 



We get: 



X 



|V^||i.(,,) = 47r/^_+[|z;'(.)p + \u' {s)\^ + 2\u{sr /s^]s'ds 



Vw 



in,) - eci +o(e), 



= IMhidQ,) -ec2 + o(e), 



and 



= II Vw||^2(f2) + m\\uj\\l2^gn} = 'l-i^^'""' - ec + o(e) 



-^M/t(^)^ — ||-Dw||^2(Q) 

2 

where ci,C2,c > 0. We obtain: 

AW(f^)' > AW(f^e)'-ec + o(e). 

This ensures that : 

for aU — i?_ < e < so that 

X\jMB{0,R+)\B{0,R^)) > AW(i?(0,i?+)). 

A scahng argument shows that R M- X\,jjrp(B{0, R)) is a convex decreasing function 
such that 

f hm Ai„j,(i?(0,i?))=m, 
I ^unAi„^(i?(0,i?)) = +(x.. 

We get the last part of the resuU. It remains to show that a minimizer exists in all 
cases. Let (r2„) C S be a minimizing sequence. Up to extraction, we can already 
assume that (xn„) tends to xn in and X\jjrp(rt„) tends to A. For each n, there 
exists uj„ G H^{iln,C^) such that: 

ll^^n||L2(f;^) = X\jjj^{iln) 

—a.nujn — LUn on dfln 

||Wra||L2(Q^^) = 1. 



Since 
we get: 



P^«lli2(n„) = l|Va;„||i2(s:^„) + m|lw„|||2(an„) + "i^ 



|V|cj„Xf2„Pl(R^) < ll'^n|li2(go„) + L„ 2\u„\\WuJn\dx 

< ll'^"|li2(9o„) +LJI^«I^ + |Va;„|2)da; 

so that (|a;„xn„P) is a bounded sequence in BVrad(S.^)- By Sobolev injection, 
(wnXn„) is bounded in L'^(R^) and xn 7^ 0. Using the spherical Bessel functions, 
as in the proof of theorem 1 1.20[ we get that A = X\^jrp{p.), so fi is a minimum. □ 



A VARIATIONAL STUDY OF SOME HADRON BAG MODELS 



33 



Appendix A. A compactness result for bounded variation functions 

WITH symmetry 

Whereas the embeddmg of H^{R^) in LP{R^) for N > 2 and p € [2, ^] is not 
compact, Strauss [311 showed that the restrictions of these embeddings to radial 
functions are compact for p £ {2, ■^^)- This resuh has been generahzed by Lions 
[24] to other Sobolev spaces. 

The adaptation of the proofs of Lions to the BV setting is straightforward and 
is given here for the reader's convenience. We denote BKarf(K^) the subset of 
BV{M.'^) of radial functions where N £ N\{0}. The following lemma gives a control 
of the decay at infinity of the radial BV functions. 

Lemma A.l. Let N > 1, u £ BVrad{^^ ) , then we have: 

\u{x)\ < ||Vu|(M^)|a;|-("-i)} a.a. x e R^. 

Proof. For aU u G i3K-arf(R^), there exists a sequence (u„) C BVradm.'^) 
such that tt„ converges strictly in BV and almost everywhere to u (see for 
instance [31 [T]). So, we just have to show the lemma for u e BVradi^'^ ) H I?(R^). 
We denote u{x) — u{r), and we have: 

and 

^(s^'Vl) < / \Vu\dx. 
dr 

□ 

Sickel, Skrzypczak and Vybiral [34] studied the properties of radial functions 
of Besov, Lizorkin-Triebel and BV spaces, generalizing the estimates of this type 
given by Lions and Strauss. The proof of these inequalities is the first step to get 
the compactness of the embedding of the following proposition. 

Proposition A. 2. Let N > 1 and denote 1* — N/{N ~ 1), then the restriction to 
BVradi^^) of the embedding BV{R^) LP{R^) is compact if p e (1, 1*). 

Proof. Let (u„) be a bounded sequence in BVrad{R^)- Up to extraction, there 
exists a function u belonging to BVrad{R^) such that (m„) tends to u in Lf^^ for 
p G (1, 1*). Moreover, for i? > 0, we have: 

- ^^||L.({|.|>ii}) < (|V7.|(M^) + |Vu„|(M^))^"' \\u - u„|U.(„«)i?-(^-i)(f-i), 
by lemma The result follows immediately. □ 

Appendix B. The locally compact case of the concentration 
compactness method in the BV setting 

A general version of the concentration compactness method can be found in the 
papers of Lions (see for instance [IS]) or the book of Struwe [37] ■ Nevertheless, in 
this paper, we just need the concentration compactness in a simpler setting: we 
study bounded sequences of functions in BV, so that, the loss of compactness can 
just come from the action of the group of translations. Thus, for the reader's conve- 
nience, we give in this part, a straightforward adaptation to BV of the presentation 
of Lewin [21] based on the papers of Lions [25] and Lieb [22] . 
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The concentraction compactness method has aheady been used in the BV set- 
ting, for instance, by Fusco |!,13^ for Sobolev inequahties in BV and by Bucur and 
Giacomini 5 for the isoperimetric inequahty for the Robin eigenvalue problem. 
But, they both used the arguments of Lions and Struwe. 

Let N > 2. We begin by defining the highest mass that the limit of translated 
subsequence can have. 

Definition B.l. Let (it„) be a bounded sequence in BV(R^), we denote: 
m{un) = sup I / \u\dx : 3{xn, ) C R"^, ( . - x„ J ^ M e BV{R^) in LI, 



The following lemma is related with the vanishing of a sequence. 

Lemma B.2. Let (m„) be a bounded sequence in BV{R^), we have equivalence 
between the following points: 

(1) ■m{un) = 0, 

(2) for all R> 0, lim sup Jg, |w„| = 0, 

(3) w„ — > strongly in U' for p € (1, 1*), 
where 1* = N/{N -I). 

Proof. Let us assume that ([1]) is true. Let R > and (x„) C such that: 
/ \un\dx > sup / \un\dx — l/n. 

{Un{ ■ — Xn)) is stiU a bounded sequence in BV{R'^). Since r7i(u„( . — Xn)) = 0, 
we get that (m„( . — a;„)) converges to in Lj^^ and ([2|) follows. 
Let us assume ([3]) . Let (a;„j. ) C R^ such that 

Un^i ■ — Xjik) — > u G BV{R^) in Lj^^ and a. a. 

We have: 

• - XnJ\\LP{R«) = l|w„fc||LP(R«) -J> 0, 

for all p e (1, 1*). We immediately get that u = 0. 
1 < p < 1*, we have: 



Let dD) be true. We denote = U^g^;"^^ ^it^ = n^Jz,,Zj + 1). For 



\Ur\^dx = ^ / \u^Ydx< ^ lkn|li''l(c.,)l|w«llLi-(c,)' 

with 1/p = ^? + (1 - We choose p such that (1 — Q)p = 1, that is p = 

(N + 1)/N e (1, 1*), and we get: 

/ \Unf<C sup ||u„||?^w^ J|u„||By(RN). 

JR" zez" 

So (u„) tends to in and by interpolation inequality in for all 1 < g < 1*. □ 
The following proposition describes the dichotomy of a sequence. 

Proposition B.3. Let be a bounded sequence in BV(R^) and for all k, < 
Rk < R'k such that: 

Un^u& BV{R^) in 
Rk ^ +00. 

Then, there exists a subsequence {un^) such that: 
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(1) {un^XB{o,Rk)) ^enrfs to u in LP if 1 < p < 1*, 

(2) Jji^^\,\^j,,Ju,,Jdx+\WunJ{B{0,R',)\B{0,Rk)) tends to 0, 

where XB{o.Rk) characteristic function of the ball B{0^ Rk). 

Proof. Let us introduce two Levy's concentration functions: 

Qn{R) ■■= [ \un\dx and KniR) \Vu„\iB{0, Rk)). 

These are non-decreasing positive functions such that for all i? > and n: 

Qn{R)+Kn(R) < ||M„||sy(R«) < C. 

We get for all R: 



Qn{R) / \u\dx^: Q{R), 

and up to extraction, there exists K e BV{0, +oo) such that: 

KniR) ^ K{R). 

We denote / := lim/j_j._|_oo K{R). There exists a subsequence (n/j) such that: 

\QnARk) - QiRk)\ +\QnM) - QiR'k)\ + ■■■ 

+\K^ARk) - KiRk)\ + \K^Mk) - K{R'k)\ < Ilk. 

We get: 

/ \unjdx- [ \u\dx ^\Qr,,{Rk)-Q{^)\<l/k+ j 

J B{Q,Rk) Jk« J\xl 

and the theorem of the missing term in the Fatou lemma (see ensures that 
('"nfcXB(o,i?fc)) tends to u in L^. This remains true in for 1 < p < 1* by interpo- 
lation. Moreover, we have: 

lRk<\.\<R', l^njdx = QnAK) - QnjRk) < l/Zc + |Q(i?fe) - Q(i?y|, 

|VM„J({i?\. < 1^1 < i?^}) = K^kiK) - K^dRk) < l/k+\KiRk) - K{R',)l 
so that the second point is also true. □ 



\u\dx, 

'\x\>Rk 
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